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^ ■ Abstract 
> ■ 

I A finite action principle for three-dimensional gravity with negative cosmological con- 

stant, based on a boundary condition for the asymptotic extrinsic curvature, is considered. 
The bulk action appears naturally supplemented by a boundary term that is one half the 

■ Gibbons-Hawking term, that makes the Euclidean action and the Noether charges finite 
I without additional Dirichlet counterterms. The consistency of this boundary condition with 

■ the Dirichlet problem in AdS gravity and the Chern-Simons formulation in three dimensions, 
and its suitability for the higher odd-dimensional case, are also discussed. 

<D '. 1 Introduction 

Three-dimensional gravity with negative cosmological constant is a simple model that catches 
^ I the main features present in D > 3 dimensions. In fact, this theory -first considered by Deser 

;h ' and Jackiw in has black hole solutions, possesses a rich asymptotic dynamics and, as in 

the higher-dimensional case, its action also needs to be regularized in order to give rise to finite 
conserved charges and Euclidean action. 

The dynamics at the boundary is determined by the asymptotic behavior of the gravity 
fields. Supplementing the action with appropriate boundary terms and demanding boundary 
conditions, the asymptotic dynamics of three-dimensional AdS gravity is described by a Liouville 
theory [2]. 

The boundary dynamics is essential for a well-posed definition of the global charges. For 
example, the algebra of asymptotically locally AdS gravity in three dimensions is infinite- 
dimensional conformal algebra described by Virasoro generators, whose Hamiltonian realization 
in terms of conserved charges introduces a non-trivial classical central charge jH]. 

Many interesting properties of this gravity theory are due to the fact that the AdS gravity 
can be formulated as Chern-Simons theory for 50(2,2) group |1] (see also p]). In this context, 
the global charges in Chern-Simons AdS gravity in Hamiltonian formalism were studied in p' . 

In the framework of AdS/CFT correspondence [3IH1, the duality between AdS gravity and 
a Conformal Field Theory on the boundary is realized by the identification between the gravi- 
tational quasilocal stress tensor and the conformal energy-momentum tensor. In that way, the 
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stress tensor in the CFT generating functional couples to the boundary metric (initial data for 
the Einstein equation), from where the n-point functions are computed. In the AdS gravity side, 
this information is encoded in the finite part of the stress tensor, that needs to be regularized by 
a procedure that respects general covariance on the boundary (holographic renormalization) 1^ . 
This method provides an algorithm to construct the (Dirichlet) counterterms to achieve finite 
conserved quantities and Euclidean action (see, e.g., pi^ ITTl IT^ IT^ ). 

In practice, however, this regularization procedure is easy to carry out only for low enough 
dimensions, because the number of possible counterterms increase drastically with the dimension. 
Moreover, these terms do not seem to obey any particular pattern and the full series for an 
arbitrary dimension is still unknown. 

An alternative to this construction of boundary terms was proposed in |14| for odd dimensions 
and ^Sj foi' even dimensions, where the boundary terms have a geometrical origin (closely related 
to Chern-Simons forms), and that is based on boundary conditions that are not the standard 
Dirichlet one. For instance, even in = 4, a different boundary condition leads to a boundary 
term that regularizes the AdS action, but that does not recover the Gibbons-Hawking term plus 
Dirichlet counterterms, as a consequence of a different finite action principle. But, at the same 
time, this boundary term is dictated by the Euler theorem, showing the profound connection 
with topological invariants. 

This paper understands the simplest example of the odd-dimensional regularization scheme 
proposed in ^Jj. Even though the explicit relation to the Dirichlet problem is possible here, 
a comparison in the general case is still unknown. The guideline to achieve finite conserved 
charges and Euclidean action is a well-defined action principle for a boundary condition on the 
extrinsic curvature. In spite of the simplicity of 3D, the suitability of this boundary condition 
for higher odd-dimensional gravity becomes evident from its compatibility with the Dirichlet 
problem in AdS gravity. 



2 The action principle 



We consider three-dimensional AdS gravity described by the action 
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where i is the AdS radius and we have supplemented the bulk Lagrangian by a boundary term 
that is a times the Gibbons-Hawking term |16j . 

As it is standard in holographic renormalization [H], we take a Gaussian (normal) form for 
the spacetime metric 

ds^ = G^udz'^dx" = N'^{p) dp'^ + hij{p, x)dx'dx^ , (2) 

such that the only relevant boundary is at p = const. However, we shall not take any particular 
expansion for the boundary metric hij{p, x). 

We will work in the language of differential forms, with the dreibein = dx^ (the 
spacetime metric is G^i, = rjAB e^e^) and the spin connection = u)^^ dx^ because certain 
features of the theory become manifest in terms of differential forms, as we shall see below. 

In order to preserve the Lorentz covariance of the boundary term, we introduce the second 
fundamental form (SFF) as the difference between the dynamical field oj"^^ and a fixed spin 
connection uj^^ , 

= u:^^ -(v^^ . (3) 
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For the gauge 0, the dreibein adopts the block form = Ndp and e° = ef dx* with the indices 
sphtting A = The spin connection decomposes as oo^^ = {tj^", w"''}. For the torsionless 

case, the block oj""^ is related to the Christoffel symbol T^j{G) = T^j{h) of the boundary metric 
hij, that transforms as a connection (and not a tensor) in the boundary indices, so that it cannot 
enter the boundary term explicitly. On the other hand, for the rest of the components on dM, 
we have 

= e'] dx' = K"" , (4) 
where the extrinsic curvature Kij in normal coordinates ((21) is given by 

K^,=NtP^^ = -^^pK,. (5) 

The explicit dependence on a;'^* can be removed by taking lo^^ as coming from a product metric 

cobordant to the dynamical one, i.e., it matches hij only on the boundary, hij{x) = hij{pQ,x) 
and such that this spin connection on dM contains only tangential components |171 118j . 

tZ,i'^ = 0, oj''^ = oj''\ (7) 

Thus, the SFF can be used to express all the quantities as boundary tensors (e.g., the extrinsic 
curvature) , 

e^'' = K^dx\ r'' = o. (8) 

The explicit form taken by the SFF in normal coordinates (dJ is the key point to obtain 
the boundary term in the Euler theorem in four dimensions ^7j. This argument has also been 
used to obtain the boundary term that regularizes AdS gravity in higher odd [T^ and even ^3] 
dimensions. 

With the above definitions, the action Q can be written 
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in terms of the Lorentz curvature R"^^ = ^ Rf^^ dx^^ A dx^ = du^^ + A uj^^ , the SFF, the 
triad and the Levi-Civita tensor, defined as eoi2 = —1- We omit the wedge product between 
differential forms. 

An arbitrary variation of this action, projected in the frame (O, produces the surface term 



/ Eab \{l - a)5K''e'' - aK"5eH , (10) 

JdM L 



when equations of motion hold. The Levi-Civita tensor in two dimensions is defined as Eab = 
—^lab- We also used the fact that any variation acting on the SFF is 56*^^ = Su"^^ , as oj"^^ is 
kept fixed on the boundary dM. 

In a radial foliation of the spacetime ((2) the boundary metric and the extrinsic curvature 
are independent variables. In fact, Kij is closely related to the conjugate momentum of hij, 
where the radial coordinate plays the role of time. Standard choice a = 1 clearly recovers the 
Gibbons-Hawking term and defines the Dirichlet problem for gravity, because it eliminates the 
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variation of K"^ and replaces it by a variation of the boundary dreiben e , producing the surface 
term 

5Id = ^ / <fx {K'^ - h'^K) 5hij . (11) 



IGttGn 

This choice of a ensures a well-posed action principle for arbitrary variations of the boundary 
metric hij. However, the action Id requires a counterterm 

to achieve the finiteness of both the Euclidean action and the conserved quantities (lOj obtained 
through a quasilocal (boundary) stress tensor definition 

Here, we shall consider a different coefficient a = 1/2 and analyze the consequences of this 
choice. As it can be seen from Ea. ()lU() . the surface term takes the form 



Ireg = Id + ^Z7^ / d'x - ^ -h , (12) 
IdM 



dM 



SI = — / Eab <5if "e" - ET^^e" (13) 



that, with the help of SK"- = ydK^ej + K^Sejj dx^, can be written as 

SI = + ^^j^i {^ISi - KiSl)] . (14) 

In this case, the action becomes stationary only under a suitable boundary condition on the 
extrinsic curvature K'f . 



3 Asymptotic conditions 

We consider fixing the extrinsic curvature on the boundary dM, that is, 

SKl=G, (15) 

in order to cancel the first term in Ea. H14|) . This means that, in the asymptotic region, Kl tends 
to a (l,l)-tensor with vanishing variation. For simplicity, we take 

Kl = \5l (16) 

where the l/£ factor is introduced in order to fix the scale for asymptotically AdS (AAdS) 
spacetimes. This choice makes the rest of the surface term in Eq.(|14)l vanish identically, so that 
the gravitational action has indeed an extremum for that boundary condition. 

To further understand the meaning of the condition (|16|) , we can put Eq. @ in the form 

1 1 

where is a directional (Lie) derivative along a unit vector normal to the boundary, = 
(0, A^, 0). Inserting the definition H17|) in the asymptotic condition H16|) . we see that the latter 
relation is satisfied in a spacetime whose boundary dM is endowed with a conformal Killing 
vector because 

2 

Cnhij = ViUj + VjTii = -- hij . (18) 
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A submanifold whose extrinsic curvature is proportional to the induced metric is usuaUy referred 
to as totally umbilical |18j . 

In order to describe AAdS spacetimes, it is common to take the lapse function as = i/2p 
and the boundary metric as hij{p,x) = gij{p,x) / p, so that 

£2 1 

ds^ = — ^ dp^ H — Qij (p, x) dx^dx^ , (19) 

4/9^ p 

that is suitable to represent the conformal structure of the boundary located at p = 0. According 
to Fefferman and Graham ^20) . the metric gij {p,x) is regular on the boundary and it can be 
expanded around p = as 

9ij {P, x) = g^o)ij (x) + pg^^)ij {x) + p^g{2)ij i^) + ■ ■ ■ , (20) 

where 5(o)ij is a given initial data for the metric. In three dimensions, the Weyl tensor vanishes 
identically and the FG series H2U|) becomes finite, terminating at order p^ |21j . The solution of 
the Einstein equation in this case is g(2)ij = \ (fl'(i)5(^)fl'(i))ii) where g(i)ij has the trace fixed in 
terms of the curvature of g[o)ij- 

The standard Dirichlet boundary condition on hij is in general ill-defined for AdS gravity 
because of its conformal boundary. Indeed, it follows from its asymptotic form (|19I2U|) that 
the induced metric is divergent at the boundary and therefore, it is not suitable to fix it there. 
Alternatively, one can demand that a conformal structure (i.e., its representative g(o)ij) is kept 
fixed at the boundary. As discussed in J2j, this action principle requires the addition of new 
boundary terms apart from the usual Gibbons-Hawking term. However, it can be proven that 
these extra terms are indeed the usual Dirichlet counterterm series. 

The compatibility of the boundary condition (jlOj) with the Fefferman-Graham form of the 
metric (|19I20|) is then evident from the expansion of the extrinsic curvature ©, 

Ki = ]sl-^g^,),,g^^ + --- , (21) 

that contains only increasing powers of p. This also implies that fixing the extrinsic curvature 
at the boundary is equivalent to keeping fixed the conformal structure. As a consequence, 
the Dirichlet problem for the conformal metric as the boundary data can be converted into 
the initial- value problem for Kij, such that the standard holographic renormalization can be 
reformulated in terms of the extrinsic curvature j22j . 

As we shall see below, in the present case the regularization is encoded in the boundary term 
that extremizes the action for the boundary condition ()16() . 



4 Regularized action 

For a = 1/2, the action is written as 
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(22) 



Its variation on-shell is the surface term (|13|) . containing both variations of the boundary dreibein 
e° and the extrinsic curvature -fC". The formulation in terms of these variables is useful to 
recover the conserved quantities displayed below from a generic Chern-Simons theory in three 
dimensions. 
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The Noether current can be written as [231 124j 



* J = -e(e", K", 5e^ dK") -i^{L + dB) , (23) 

where is the surface term in the variation of the action ()13() , L and B are the bulk Lagrangian 
and the boundary term in Ea. H22|l . respectively, and is the contraction operator with the 
Killing vector ^'^ j^. The Noether charges, with the contributions coming from the bulk and 
the boundary, are then given by 

= '=«>-16^i/"'('«'^-°''-^V'). (24) 

The first term is known as the Komar's integral 

m = ^^ I eab^K'^e", (25) 

and it is the conserved quantity associated to the bulk term in the gravity action. 
Finally, the conserved quantities for three-dimensional AdS gravity read 



Stationary, circularly symmetric black holes exist in three-dimensional gravity only in pres- 
ence of negative cosmological constant. The metric for the BTZ black hole [^H] reads 

= -7(r)/2(r) dt' + ^ + r2 {d^ + n{r)dtf , (27) 



/2(r) = -8G;vM + ^ + l^%^, n(r) = -l%^ 7(0 = 1. (28) 



with 

The horizon r+ is defined by the largest radius satisfying /(r+) = 0. 

For the isometries d/dt and 9/5^, the charge formula ()26() provides the correct conserved 
quantities for the BTZ metric, 

Q{dt) = M, Q{d^) = J, (29) 

where c?S is taken as at radial infinity. The vacuum energy for three-dimensional AdS space 
corresponds to M = —l/SG^. On the contrary to the Hamiltonian approach 26 or perturbative 
Lagrangian methods ^7\, we do not need to specify the background to obtain the correct results 
(Hi). 

The regularized action (|22j) does not lend itself for a clear definition of a boundary stress 
tensor T*-' because its variation ()13() contains a piece along 6K'^ that it is usually cancelled by 
the Gibbons-Hawking term. However, we can rewrite the action as 

1 f -,2. 



^D + TTTV^ d'xV-hK, (30) 
IbnGN JdM 
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where Id stands for the action suitable for the Dirichlet problem (Eq.l^Q) with a = 1). We will 
consider now the extra term in (|30() as a functional of the boundary metric hij (/>, x) = gij {p, x) / p. 
The extrinsic curvature Q can be generically written as 

Ki = ]sl-^ki, (31) 

with kf = g-'^dpgki, so that the second term in Ec pOfl takes the form 

The first term is just the Balasubramanian-Kraus counterterm whereas the second one can 
be shown to be a topological invariant of the boundary metric g'(o)) that is, ^y—g{o) R{o)- This 
follows from the fact that —2^/—g k = —2^—g(^Q~^ Ti{g(i~^) on the boundary. Indeed, the 3D 
Einstein equation in the gauge (|19j) determines the trace and vanishing covariant divergence of 
9{i)ij ini- Then, the boundary term in Ea. ((^ both regularizes the quasilocal stress tensor and 
reproduces the correct Weyl anomaly ^ . 

The above argument also explains why the Euclidean action supplemented by a Gibbons- 
Hawking term with an anomalous factor is finite, as first noticed in |2H] where it correctly 
describes the thermodynamics of the BTZ black hole. It has been shown in jl2j that the coun- 
terterms constructed in the regularization procedure in terms of the extrinsic curvature j22l (and 
that are equivalent to standard counterterms) allows to prove the first law of black hole ther- 
modynamics for a general asymptotically AdS black hole. Here, it follows from the equivalence 
of the boundary term in (|22j) to the Dirichlet counterterms plus a topological invariant that the 
right thermodynamics is recovered in a general case. 



5 Chern-Simons formulation 



The boundary term in (|22|) arises naturally in the Chern-Simons formulation of three-dimensional 
AdS gravity US]. Indeed, the Chern-Simons (CS) action 



(33) 



for the AdS group S0{2, 2) whose gauge connection is given by 



A AdS = \ ^^"^ Jab + je^PA, (34) 

and the trace of the AdS generators set Tr{JABPA) = ^ABCi is equivalent to the Einstein- 
Hilbert-AdS bulk action plus the Bahados-Mendez boundary term 



1 /• . 1 
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d^xV^K (35) 



in the coordinate frame Q (here loa = ^ £abc ^^'^)- Clearly, the boundary term (|35jl is not 
Lorentz-covariant as the one constructed up with the SEE in Eq.Q. This is an accident that 
happens only in (2 + 1) dimensions: the dreibein cannot go along dp at the boundary and so 
the boundary term does not depend on lo"'^. Therefore, the residual 2D Lorentz symmetry 
on dM permits to express (|35|) as tensors on the boundary (the metric hij and the extrinsic 
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curvature Kij). In an arbitrary local Lorentz frame, the non-invariance of the boundary term 
under local Lorentz transformations produces extra asymptotic degrees of freedom responsible 
for the arbitrary coupling constant A in the potential term of Liouville theory , that is either 
zero or put by hand in a metric formulation. 

In higher odd dimensions, one can also pass from the CS formulation for the AdS group 
SO{2n,2) in terms of the connection ^ to a Lovelock-type Lagrangian for gravity, i.e., a poly- 
nomial in the Riemmann two- form and the metric [201 • In doing so, however, the produced 
boundary term will be neither Lorentz-covariant nor the correct one that regulates the con- 
served quantities and the Euclidean action for CS black holes [HJ. The introduction of the 
SFF is then essential to restore Lorentz covariance and it also provides a clear guideline for its 
explicit construction 32 ■ 

Usually, the Chern-Simons formulation for SO{2,2) exploits the fact that the AdS gravity 
action can be written as the difference of two copies of the CS action for SO{2, 1) jS] (in 
the Euclidean case, SL{2,C)) 

I = Ics [A] - Ics [A] , (36) 
where the connections for each copy of S0{2, 1) are 

A^ = uj^ + je'', A^ = u;^--^e^, (37) 

with k = -£/AGN- 

The variation of the action (|36() produces the equations of motion plus a surface term that 
is cancelled by taking chiral boundary conditions 

As = and A^ = , (38) 

with the use of the light-cone coordinates z = t + £<p and z = t — i(p for Minkowskian signature 
j2j (the Euclidean version considers the same set of boundary conditions, but for complex coor- 
dinates (z, z) defined on the solid torus that describes the topology of the Euclidean black hole 
|281 133j ^. In the Chern-Simons formulation, the explicit form of the conditions (|38jl is 



2iAi = [lu:^-tei\-{u;^-ef)=Q, (39) 



= [lu:t--,ei]+{u^i-et)=Q, (40) 



that are satisfied by AdS gravity. Indeed, the three-dimensional black hole has 

(41) 



gO = fdt, = jdr , = rmdt + rdip , 



= fdip , uj^ = dr , ^2 = rmd^ + ^dt. 

Thus, the action has an extremum for the chiral boundary conditions, eas. ()39l40|) . that is 
clearly not the standard Dirichlet one for the metric. This shows that there are (at least) two 
ways of regularizing the AdS gravity in three dimensions. In this paper, we consider another 
boundary condition that also explains the anomalous factor in the Gibbons-hawking term. 

On the contrary to the relations (|39I4U() fulfilled by the bulk geometry, the boundary condi- 
tion implies 

^f = ]e^ (42) 
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only in the asymptotic region (a = {0, 2} and i = {t, ip}). In fact, in the CS formulation of 3D 
AdS gravity, the surface term coming from an arbitrary variation is 

SIcsiAAds] = I Tr(.4M) (43) 

47r JdM 

EABC (5u;^^e^ - u^^de"") , (44) 



1 



327rGA'' 



dM 



that reduces to Eas. H13ll4|) for the radial foliation @. 

The AdS connection can also be written as A = ^ ^"^^ ^ab using covering space indices 
A = {^,3}, where W^^ = oj"^^ and W^^ = j^^- Then, the asymptotic condition adopts 
the compact form 

This new condition might have nontrivial consequences at the level of the induced theory at the 
boundary. 

The surface term H44() was obtained in [M] for the Palatini form of the AdS gravity action 

= 1^^^ n, [{r'^.sg^'^ - r^,^6g''') - [g^'^srtx - a^"5f , (46) 

where Q'^'^ = \/—GG^'^. Clearly, the action has an extremum for a mixed Dirichlet-Neumann 
boundary condition. However, no clear identification of such boundary condition in terms of 
tensorial quantities defined on dM was made in this reference. 

In CS formulation it is simple to obtain the Noether charges. With the surface term ()43|) in 
terms of the gauge connection, we can compute the conserved charges associated to an asymp- 
totic Killing vector ^ using the Noether theorem. The conserved current for this theory is 



*J = — 

47r 



-Tr (AC^A) - i^Tr (^AF - ^A^^ 



(47) 



The Lie derivative for a connection field takes the form C^A = D{i^A) + i^F, where the covariant 
derivative is defined as D{i^A) = d{i^A) + [A, i^A]. Using the equation of motion F = dA + A^ = 
0, and integrating by parts, the current is finally expressed as 

*J=^dTriAI^A) , (48) 

from where we can read the conserved charge as [351 

QiO = ^ jTriAi^A). (49) 

It is not difficult to prove that this expression recovers the formula (|26p for the trace of AdS 
generators and the radial foliation considered above. 

6 Conclusions 

In this paper, we show how a single boundary term solves at once three problems in three- 
dimensional AdS gravity: it defines a well-posed variation of the action (the action has extremum 
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on-shell under the condition H16jl ). produces finite charges and regularizes the Euchdean action. 
In other words, the Dirichlet counterterm is built-in in a boundary term that is 1/2 of the 
Gibbons-Hawking term. 

A boundary condition on the extrinsic curvature H16|). equivalent to keeping fixed the metric 
of the conformal boundary in AAdS spacetimes, ensures a finite action principle in agreement 
to the Dirichlet counterterms problem. 

The same boundary condition leads to a regularization scheme of AdS gravity alternative 
to the standard counterterms procedure [HI El ^2 OHl EHl • In the new approach, the boundary 
terms can depend, apart from intrinsic quantities constructed out of the boundary metric hij 
and boundary curvature R^j, also on the extrinsic curvature Kij. At first, one might think 
that the number of possible counterterms constructed up with these tensors is even higher 
than in the standard procedure. However, the boundary condition (|l(i|) and another one on 
the asymptotic curvature -that is identically satisfied in FG frame- are restrictive enough to 
substantially reduces the counterterms series to a compact expression jl4| I15j. For instance, in 
five dimensions the boundary term that regularizes the AdS action is 



1 = -^ 



„ , (i^xV-G(i?-2A) + C4 / ^4 
IottGat Jm JdM 

with C4 = const, and the boundary term given by the expression 



(50) 
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It is worthwhile noticing that S4 contains a term proportional to \/—h K, with a numerical 
factor that again differs from the one of the Gibbons-Hawking term. The variation of the above 
action -on-shell- takes the form 
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dM 



-y Balked {sK-e' - K-6e') (^R^^ - ^K'K'' + ^ e'^e''^ 



(52) 



where k = 1/{96ttGn) and Rf^"^ = R'^'^ — K'^K'^ is the Gauss-Coddazzi relation for the Riemann 
tensor. An appropriate choice of the coupling constant, C4 = 3k£^/2, makes the first line of 



above equation proportional to the AdS curvature R + -p e'^e , that vanishes at the boundary 
for AAdS spacetimes.^ Then, the second line is proportional to 
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(53) 



that is again cancelled by taking the boundary condition H15I16|) . This shows that, on the 
contrary to standard conditions ()39I40|) for 3D AdS gravity, the condition (jlbj) can indeed be 
lifted to higher odd-dimensional AdS gravity. The boundary term derived from this action 
principle equally cancels the infinities in the Euclidean action and conserved quantities |14j . 

The action principle for three-dimensional AdS gravity presented here agrees with the Dirich- 
let problem up to a topological invariant at the boundary. Even though this observation is almost 

^This condition on the asymptotic Riemann was considered for first time in ^T] in order to have a finite action 
principle in even dimensions. It can be shown, however, that this asymptotic behavior is also implied by the 
Fefferman- Graham expansion for that tensor 
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trivial in three dimensions, we could expect that the boundary terms in ref. 14 (for D = 2n + l) 
and ref. (for D = 2n) generate the full series of standard counterterms carrying out a suitable 
expansion. 
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